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PREFACE 


The  purpose  of  this  paper  is  to  show,  in  detail,  how  to  apply  Duncan's  Multiple  Range 
Test  to  groups  of  data  means,  and  thus  to  classify  them  into  subgroups.  Collected  into 
each  subgroup  are  those  means  that  are  not  significantly  different  from  each  other.  Single 
means  or  subgroups  of  means,  that  are  significantly  different  from  other  means  or 
subgroups  of  means,  are  also  identified.  The  term  "means"  as  used  herein  always  refers  to 
arithmetic  means  or  averages.  The  terms  "significantly"  or  "not  significantly  different" 
always  refer  to  statistical  significance.  For  test  examples,  we  used  data  adapted  from  a 
typical  horticultural  crops  research  project.  (See  item  9,  in  Literature  Cited.)  Other 
material  is  adapted  from  the  other  cited  publications  (7  to  8).  Methods  shown  were 
recommended  by  E  James  Koch,  biometrician.  Northeastern  Region,  Agricultural 
Research  Service,  Beltsville,  Md. 


CONTENTS 

Page 


Introduction   1 

Data,  details,  formulas,  and  tables  needed  for  Duncan's  test   4 

A.  Means  for  testing  (table  4)    4 

B.  Details  from  analysis  of  variance  of  data  (table  5)   4 

C.  Formula  for  standard  error  of  the  mean  f  s_  =  /  s2  )   5 

D.  Tables  of  significant  Studentized  ranges  (rp)  (tables  2  and  3)   5 

E.  Formula  for  Duncan's  significant  range  value  (  Rp  =  s_  .  rp  )   5 

Procedure  for  Duncan's  test  and  labeling  of  means   5 

A.  Compute  and  record  analysis  of  variance  (table  5)   5 

B.  Compute  constant  (  s_  =  J  s2  )  for  each  set  of  treatment  means   5 

C.  Compute  and  tabulate  Duncan's  significant  range  (Rp)  values  (table  6)   5 

D.  Arrange  means  into  descending  or  ascending  arrays  (table  7)   5 

E.  Determine  upper  and  lower  limits  of  each  range  in  each  array  (table  7)   5 

F.  Review  of  steps  in  applying  Duncan's  test  to  find 

upper  and  lower  range  limit   9 

Reporting  and  interpreting  the  means  with  appended  Duncan's  letters    9 

Literature  Cited   10 

Appendix  Form  1   13 


i 


SYSTEMATIC  APPLICATION  OF  DUNCAN'S  MULTIPLE 
RANGE  TEST  TO  BIOLOGICAL  DATA 

Howard  W.  Hruschka1 


INTRODUCTION 


After  completing  analysis  of  variance,  Appendix 
Form  1,  a  researcher  has  several  tests  available  for 
evaluating  the  significance  of  differences  between 
means  (2,  6).2  These  tests  require  the  researcher  to 
scrutinize  the  data  and  declare  the  significance  of 
differences.  Among  these  tests,  Duncan's  (2)  holds  a 
middle  position  in  the  reported  number  of  significant 
differences.  For  comparing  two  means  only,  the  Least 
Significant  Difference  (LSD)  (3,  8)  test  is  identical 
with  Duncan's  and  most  other  multiple  range  tests 
(table  1  from  2  and  6).  Also  for  some  special 
comparisons,  the  LSD  test  is  adequate  and  preferred  by 


some  researchers.  However,  as  the  number  of  means  in 
a  range  or  array  increases  above  two,  larger  differences 
than  LSD  may  occur  by  chance.  The  Newman-Keuls 
test  (5,  7)  corrects  for  this  probability.  For  some 
research  data,  however,  the  Newman-Keuls  test  is  too 
conservative.  Duncan's  test  values  (table  1)  are 
intermediate  between  the  LSD  values  that  allow 
reporting  of  too  many  "significant"  differences  (type  I 
mistake)  and  Newman-Keuls  values  that  allow  the 
reporting  of  too  few  significant  differences  (type  II 
mistake). 


TABLE  1  .—Comparisons  of  significant  values  at  the  5-percent  level  of  significance  for  various  numbers  of  means, 
assuming  a  variance  of  unity  and  infinite  degrees  of  freedom  for  experimental  error' 


Type  of  test  procedure 


Differences  needed  for  significance  when 
number  of  means  in  group  are— 


2 

4 

8 

10 

20 

100 

Least  Significant  Difference  (LDS)  (3,8)  

2.77 

2.77 

2.77 

2.77 

2.77 

2.77 

2.77 

3.02 

3.23 

3.29 

3.47 

3.67 

Newman-Kuels  (5,  7)   

2.77 

3.63 

4.29 

4.47 

5.01 

5.93 

1  Compare  at  ~  in  table  2  for  5  percent  level  of  significance.  The  3  tests  relate  similarly  for  the  1  percent  level  of  significance  (J,  5, 
7,  8,  and  table  3). 


1  Research  plant  physiologist,  Agricultural  Marketing 
Research  Institute,  Northeastern  Region,  Agricultural  Research 
Service,  U.S.  Department  of  Agriculture,  Beltsville,  Md. 

2  Italic  numbers  in  parentheses  refer  to  Literature  Cited, 
page  10. 
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DATA,  DETAILS,  FORMULAS,  AND  TABLES  NEEDED 
FOR  DUNCAN'S  TEST 


A.  Means  for  testing  ( table  4). 

Table  4  gives  three  sets  of  means  adapted  from  a 
horticultural  crops  research  project  (9).  Usually,  three 
or  more  means  are  tested.  If  a  set  contains  only  two, 
the  F-test  in  the  analysis  of  variance  already  indicates 
the  degree  of  separation  between  the  two.  However, 
Duncan's  test  can  be  applied  as  an  added  check. 

B.  Details  from   analysis   of  variance   of  data 
(table  5). 

1 .  Error  variance  or  s2 . 

2.  Degrees  of  freedom  (n2)  for  error  variance. 

3.  Number  (n)  of  items  averaged  to  obtain  each 
mean. 


When  means  come  from  interaction  data  from  two 
or  more  main  effects  having  one  error  term  in  com- 
mon, use  that  common  error  term  (s2)  and  its  degrees 
of  freedom  (n2)  for  error,  as  the  appropriate  s2  for 
Duncan's  test.  When  interaction  data  involve  two  or 
more  error  terms  with  separate  degrees  of  freedom, 
refer  to  Koch3  and  Cochran  and  Cox  (1  pp.  297-305). 
And,  if  possible,  consult  a  biometrician  or  statistician. 
These  sources  can  help  compute  a  weighted  error  term 
and  degrees  of  freedom  for  use  much  as  s2  and  n2  for 
the  single  simple  error  term  are  used.  Number  (n)  of 
items  averaged  into  a  mean  is  sometimes  the  number  of 
true  replicates  but  is  often  some  other  number. 


TABLE  4.- Percentage  of  decay  in  samples  of  inoculated  punctured  apples  following  cold  (21°  C.) 
of  hot  (45°  C.J  chemical-dip  treatment  and  a  short  storage1 


Type  of 

Chemical  treatment  code  number 

Average 

treatment 

1 

2 

3 

4 

5 

6 

7 

8 

Pet. 

Pet. 

Pet. 

Pet. 

Pet. 

Pet. 

Pet. 

Pet. 

Pet. 

Cold  dip   

85.000 

8.333 

9.333 

12.667 

13.333 

3.333 

10.000 

15.333 

19.667 

Hot  dip  

89.000 

5.333 

9.000 

9.333 

13.000 

1.000 

2.333 

13.667 

17.833 

Average   

87.000 

6.833 

9.167 

11.000 

13.170 

2.167 

6.167 

14.500 

18.750 

1  Original  data  from  a  horticultural  crops  research  project  are  based  on  48  treated,  100-fruit  samples. 

TABLE  5.— Analysis  of  variance  of  percentage  of  decay  (blue  mold)  in  48  treated,  100-fruit 
samples  of  inoculated  punctured  apples 


Source  of  variation 

Number  of 
squares 

Items  per 
square  (n) 

Degrees  of 
freedom  (n2) 

Variance  (s2) 

F-test 
significance1 

Total  

Replicates  

Dip  chemicals  

Chemical  x  temperature  

48                        1                      47                    728.02  - 
3                      16                        2                    210.50  ** 
8                       6                       7                  4658.14  ** 
2                      24                        1                      40.00  NS 
16                        3                        7                      16.43  NS 
-                       -                      30                      34.46  - 

i  **  _  significant  at  the  1-percent  level  of  statistical  significance.         NS  =  not  significant. 


Error  variance  (s2)  is  sometimes  called  error  mean 
square,  or  residual  experimental  error.  Note  that  s2  is 
already  squared.  Degrees  of  freedom,  which  we  often 
refer  to  as  "df,"  is  called  n2  by  Duncan.  Because  n2  is 
easily  confused  with  n,  note  carefully  whether  the 
formula  used  requires  n  or  n2 .  When  means  for  testing 
have  one  error  term  as  do  means  that  come  from  one 
main  effect,  Duncan's  test  requires  the  use  of  the  error 
term  (s2)  and  its  degrees  of  freedom  (n2)  that  was 
previously  used  to  test  for  the  significance  of  differ- 
ences among  those  means. 


Also,  Duncan's  test  must  be  applied  to  interaction 
data  before  letters  are  appended.  A  nonsignificant 
interaction  does  not  imply  that  individual  means  in  the 
interaction  data  are  not  significantly  different  from 
each  other. 


3  Koch,  E.J.  Presentation  of  Experimental  Results,  12  pp. 
Paper  presented  at  symposium  of  Amer.  Soc.  Hort.  Sci.  and 
ENAR  Biometric  Soc,  Pa.  State  Univ.,  University  Park,  Pa., 
Aug.  31,  1959. 
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C.  Formula  for  standard  error  of  the  mean 


The  partly  verbalized  formula  reads,  "standard  error 


of  the  mean 


error  variance  

number  of  items  in  mean".  To  solve, 


first  get  numerical  values  for  s2  and  n  from  the  analysis 
of  variance  and  then  substitute  these  values  in  the 
formula.  Use  s_  as  a  constant  to  generate  Duncan's 
significant  range  (Rp)  values  in  section  E. 

D.  Tables  of  significant  Studentized  ranges  (r  ) 
(tables  2  and  3). 

Tables  2  and  3,  significant  Studentized  ranges  (rp) 
for  5-  and  1 -percent  significance  levels,  were  abridged 
from  Harter  (4).  Tables  for  significance  levels  of  10, 
0.5,  and  0.1  percent  are  also  available.  The  values  in 
the  first  column  of  Studentized  ranges  are  identical 


with  values  used  for  computing  LSD  values  (see 
Introduction  and  table  1). 

E.  Formula  for  Duncan's  significant  range  value 

(Rp  =**.rp  )• 

To  get  the  Duncan  value  Rp,  multiply  the  standard 
error  of  the  mean  (s_)  from  the  formula  in  section  C 
by  the  rp  value  from  Studentized  range  in  table  2  or  3. 

Rp  =  Duncan's  significant  range  value  for  p  means. 

s-  =  standard  error  of  the  mean. 

rp  =  Studentized  range  value  from  the  5-  or  1 -per- 
cent table. 

In  the  rp  table,  the  n2  stands  for  the  number  of 
degrees  of  freedom  in  the  error  term.  The  p  stands  for 
the  number  of  means  in  the  partial  array  or  subset.  To 
get  the  rp  value,  enter  the  5-  or  1 -percent  table  at  the 
correct  degrees  of  freedom  for  error  (n2)  and  go  across 
to  the  correct  number  of  means  (p)  in  the  subset  of  the 
array  under  scrutiny. 


PROCEDURE  FOR  DUNCAN'S  TEST  AND  LABELING  OF  MEANS 


A.  Compute  and  record  the  analysis  of  variance 
(table  5). 

Table  5  summarizes  the  analysis  of  data  on  the  per- 
centage of  decay  after  storage  in  48  treated  samples, 
each  containing  100  inoculated  punctured  apples.  The 
experiment  comprised  three  replicates  of  16  dip  treat- 
ments consisting  of  eight  chemicals  applied  at  two 
temperatures,  21°  and  45°  C.  Means  for  the  treatment 
main  effects  (dip-chemical,  and  dip-temperature)  and 
for  the  interaction  of  chemical  x  temperature  appear  in 
table  4.  Means  were  computed  to  three  decimal  places 
for  Duncan's  test.  After  testing,  these  figures  can  be 
rounded  to  practical  values  for  publication. 

B.  Compute  constant  (s_  =     JL2.   )for  each  set  of 

treatment  means  (table  6). 

Each  of  the  three  treatment  items  has  the  same  s2 
but  a  different  number  (n)  of  items  included  in  each 
mean. 

1 .  Dip  chemicals: 


V5.7433  =  2.3965 


2.  Dip  temperatures: 


V 14358  =  1.1981 


3.  Interaction  (chemical  x  temperature): 


V  11.4867  -  3.3892 


C.  Compute   and   tabulate   Duncan's  significant 
range  (Rp)  values  (table  6). 

Enter  5-  and  1 -percent  tables  of  significant 
Studentized  range  (rp)  values  at  30  degrees  of  freedom 
for  error  (n2)  to  get  values  for  comparing  means  within 
subsets  of  from  two  to  14  means.  Multiply  these  values 
by  the  constant  s_  values  as  computed  above  to  get 
Duncan's  significant  range  (Rp)  values  (table  6).  Use 
these  Duncan's  (Rp)  values  in  separating  significantly 
different  means  from  each  other  and  in  grouping  into 
ranges  the  means  that  are  not  significantly  different 
from  each  other. 

D.  Arrange  means  into  descending  or  ascending 
arrays  (table  7). 

The  means  in  each  array  can  be  arranged  from 
highest  to  lowest,  or  from  lowest  to  highest,  in  either  a 
vertical  column  or  in  a  horizontal  row. 

E.  Determine  upper  and  lower  limits  of  each  range 
in  each  array  (table  7). 

Assign  Duncan's  letters  as  each  test  proceeds.  Letter 
assignment  follows  the  numerical  order  shown  by 
superscript  numbers  above  Duncan's  letters  in  table  7. 
We  start  with  a  very  simple  example  below  to  intro- 
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TABLE  ^.-Computed  Duncan 's  significant  range  (Rp)  values  for  Duncan 's  Multiple  Range  Test  of 
main  effect  and  interaction  means  for  dip  temperature  and  dip  chemical1 


5-percent  significance  level 

1-percent  significance  level 

Subset 

r„  at  30 

In  dl  Ju 

Dip 

Dip 

Interaction 

rp  at  30 

Dip 

Dip 

Interaction 

size 

degrees 

chemical 

temperature; 

chem.  x  temp. 

degrees 

chemical 

temperature; 

chem.  x  temp. 

number 

of 

s  (constant) 

s_  (constant) 

s  (constant) 

of 

s  (constant) 

s  (constant) 

s  (constant) 

freedom 

*  2.3965 

x  1.1981 

*  3.3892 

freedom 

x  2.3965 

x  1.1981 

x  3.3892 

R 

P 

R„ 

P 

R„ 
P 

p 

P 

P 

2  

2.888 

6.921 

3.460 

9.817 

3.889 

9.320 

4.659 

13.181 

3  

3.035 

7.273 

10.317 

4.056 

9.720 



13.747 

4  

3.131 

7.503 

10.642 

4.168 

9.989 



14.126 

5  

3.199 

7.666 

10.874 

4.250 

10.185 



14.404 

6  

3.250 

7.789 

11.047 

4.314 

10.338 



14.621 

7  

3.290 

7.884 

._ 

11.183 

4.366 

10.463 



14.797 

8 

3.322 

7.961 

— 

11.292 

4.409 

10.566 

— 

14.943 

9 

3.328 

11.312 

A  A  A  £ 

Ij.UDj 

10  

3.352 

11.394 

4.477 

15.173 

1  1 

3.389 

11.485 

4.504 

15.265 

12  

3.405 

11.540 

4.528 

15.346 

13  

3.418 

11.584 

4.550 

15.421 

14  

3.430 

11.625 

4.569 

15.485 

1  Multiply  s- value  as  a  constant  by  each  of  the  appropriate  rp  values  to  get  Rp  values. 

TABLE  7 .-Classification  by  Duncan 's  Multiple  Range  Test  of  3  series  of  means  arrayed  in  descending  order1 


Treatment 
and  code2 

Mean1 

Mean  separation  at  5-percent 
significance  level2 

Mean  separation  at  1-percent 
significance  level2 

Duncan's  test 
letters3 

Duncan's  test 
lines 

Duncan's  test 
letters3 

Duncan's  test 
lines 

Dip  temperatures: 

Percent 

C  (Cold  21°  C.)   

19.667 

a1 

17.833 

a2 

Dip  chemicals: 

1   

87.000 

al 

8   

14.500 

b2 

5   

13.167 

b3 

C9 

4   

11.000 

b« 

3   

9.157 

b5 

c7  di* 

2   

6.833 

c6  d13 

7   

6.167 

c10d12 

6   

2.167 

dH 

Interaction  (chem.  x  temp.) 

1H  

89.000 

al 

1C  

85.000 

a2 

8C  

15.333 

b3 

8H  

13.667 

b* 

C24 

5C  

13.333 

b5 

C23 

5H  

13.000 

b6 

c22 

4C  

12.667 

b? 

C21 

7C  

10.000 

b8 

c20d34 

4H  

9.333 

b9 

c19d33 

3C  

9.333 

blC 

c18d32 

3H  

9.000 

bH 

c17d31 

2C  

8.333 

bl2 

c16d30 

2H  

5.333 

b13 

C15d29 

6C  

3.333 

c14d28 

7H  

2.333 

C25d27 

6H  

1.000 

d26 

b2 
b3 
b4 
b5 
b6 
b7 


Cl2 

ell 

c10 

C9 
c8 


b3 
b4 
b5 
b6 
b? 
b8 
b9 
b10 

b" 
bl2 
b13 
bl4 
b15 
b16 


1  Means  of  decay  percentage  in  inoculated  punctured  apples  after  a  short  time  of  cold  storage  following  8  chemical  dip 
treatments.  Data  based  on  48  treated,  100-fruit  apple  samples.  2  Data  were  processed  by  the  analysis  of  variance  and  Duncan's 
Multiple  Range  Test.  Comparable  means  followed  by  no  letters  (or  lines)  in  common  are  significantly  different  at  the  5-percent 
(or  1-percent)  level  of  statistical  significance.  3 Duncan's  letters  after  means  were  placed  in  order  noted  by  the  superscript  number 
over  each  letter.  This  order  is  also  outlined  in  the  text  and  is  shown  here  for  illustration. 
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duce  the  method.  With  practice,  such  a  test  can  be 
done  by  inspection.  Later  examples  are  somewhat 
more  involved  but  also  easy  to  follow. 

1.  Testing  at  the  5-percent  level  of  statistical 
significance: 

a.  Temperature  treatment  means  (5-percent  signif- 
icance level)— 

(1)  Assign  Duncan's  letter  "a"  to  19.667,  which  is 
the  upper  limit  of  the  range  under  view  (table  7). 

(2)  From  19.667  subtract  3.460,  Duncan's  value 
(Rp  5  percent)  for  2  means  (from  table  6),  to  get 
16.207. 

19.667 
-3.460 

16.207 

Decay  percentage  16.207  is  lower  than  the  next  mean, 
17.833.  Therefore,  17.833  is  in  range  limits  of  19.667. 
Assign  Duncan's  letter  a  to  17.833.  Since  17.833  is  also 
the  last  number  in  the  series,  it  completes  the  range 
and  also  the  Duncan's  test  for  the  series.  In  the  range  in 
which  19.667  a  is  the  highest  number,  17.833  a  is 
the  lowest. 

(3)  Another  check  can  be  applied  to  verify  these 
conclusions.  From  19.667  subtract  17.833  to  get 
1.834: 

19.667 
-17.833 

1.834 

The  difference,  1.834,  is  less  than  the  difference, 
3.460,  required  for  significance  by  Duncan's  significant 
range  (Rp)  value.  Therefore,  19.667  and  17.833  are 
not  significantly  different  and  both  require  the  same 
Duncan's  letter  a  postscript.  Thus,  we  have  completed 
this  section  of  the  testing  at  the  5-percent  level. 

b.  Chemical  treatment  means  (5-percent  signif- 
icance level)— 

(1)  Assign  Duncan's  letter  a  to  87.000,  which  is  the 
upper  limit  in  the  range  under  view  (table  7). 

(2)  From  87.000  subtract  6.921,  Duncan's  value 
(Rp  5-percent)  for  two  means  (from  table  6),  to  get 
80.079: 

87.000 
-6.921 

80.079 

Decay  percentage  80.079  is  higher  than  14.500;  there- 
fore, 14.500  is  outside  the  range  limits  containing 
87.000  a.  To  show  this  separation,  we  assign  Duncan's 
letter  "b"  to  14.500,  placing  the  b  one  letter  space  to 
the  right  of  the  a  column  to  avoid  confusion.  Inasmuch 
as  there  is  no  intermediate  value  in  the  series  between 


87.000  a  and  14.500  b,  each  belongs  to  a  separate 
range.  Uniquely  in  this  series,  87.000  is  in  a  range  with 
only  one  item  which  is  thus  both  the  upper  and  lower 
limit. 

As  a  check  add  6.921  to  14.500  to  get  21.421. 

14.500 
+6.921 

21.421 

Decay  percentage  21.421  is  less  than  87.000.  Therefore 
14.500  is  outside  the  range  of  87.000  and  also  is  the 
top  of  a  new  range. 

(3)  Now,  resume  testing  with  14.500  as  the  upper 
limit  of  the  second  range  under  view.  From  14.500 
subtract  6.921,  Duncan's  Rp  value  for  2  means,  to  get 
7.579: 

14.500 
-6.921 

7.579 

Decay  percentage  7.579  is  below  9.167.  Therefore, 
13.167,  11.000,  and  9.167  are  in  the  range  with 
14.500  and  accordingly  receive  Duncan's  letter  b. 

Continue  down,  by  testing  6.833.  Count  14.500  as 
the  first  mean  in  the  range.  The  second  mean,  then,  is 
13.167,  and  the  fifth  mean  is  6.833.  Thus,  from 
14.500  subtract  Duncan's  Rp  value  for  5  means,  7.666, 
to  get  6.834. 

14.500 
-7.666 

6.834 

Decay  percentage  6.834  is  above  6.833.  Therefore, 
6.833  is  outside  the  range  of  14.500  and  receives 
Duncan's  letter  "c."  To  avoid  confusion,  place  the  c  in 
the  column,  one  letter  space  to  the  right  of  b. 

(4)  We  have  found  that  6.833  c  is  in  a  range  sep- 
arate from  14.500  b.  We  now  proceed  to  find  the 
upper  and  then  the  lower  limit  of  the  new  range  that 
contains  6.833.  To  6.833  add  Duncan's  Rp  value  for 
two  means,  6.921,  to  get  13.754. 

6.833 
+6.921 

13.754 

Decay  percentage  13.754  is  above  13.167.  Therefore, 
all  values  above  6.833,  up  to  and  including  13.167,  are 
in  the  range  of  6.833.  Thus,  assign  letter  c  to  values 
9.167,  11.000,  and  13.167  in  addition  to  the  letter  b 
already  assigned  to  these  values.  We  have  already 
shown  that  14.500  is  in  a  range  separate  from  6.833; 
thus,  13.167  is  the  upper  limit  of  the  range  containing 
6.833.  Now,  test  to  find  the  lower  limit  of  that  range. 
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From  13.167,  as  first  mean  of  the  range,  count 
11 .000  as  the  second  mean.  Pass  6.833,  which  we  have 
already  tested  continue  to  6.167,  as  the  fifth  mean. 

Next,  from  13.167  subtract  Duncan's  Rp  value  for 
five  means,  7.666,  to  get  5.501 : 

13.167 
-7.666 

5.501 

Decay  percentage  5.501  is  below  6.167.  Therefore, 
6.167  is  in  the  range  of  13.167  and  receives  Duncan's 
letter  c.  Now,  test  for  inclusion  (or  exclusion)  of 
2.167. 

From  13.167  subtract,  Duncan's  R  value  for  six 
means,  7.789,  to  get  5.378. 

13.167 
-7.789 

5.378 

Decay  percentage  5.378  is  above  2.167.  Therefore, 
2.167  is  outside  the  range  and  receives  Duncan's  letter 
"d."  Put  d  one  letter  space  to  the  right  of  the  c  column 
to  avoid  confusion.  As  2.167  d  is  shown  to  be  outside 
the  range  of  13.167  "be,"  6.167  is  shown  to  be  the 
lower  limit  of  the  range  with  13.167  as  the  upper  limit. 

(5)  Because  2.167  d  is  the  last  value  in  the  series,  it 
is  also  the  lower  limit  of  the  last  range  in  the  series.  We 
now  proceed  to  find  the  upper  limit  of  the  range  that 
includes  2.167. 

To  2.167  add  Duncan's  Rp  value  for  two  means, 
6.921,  to  get  9.088: 

2.167 
+6.921 

9.088 

Decay  percentage  9.088  is  above  6.833.  Therefore,  all 
values  above  2.167  d  up  to  and  including  6.833  are  in 
the  range  with  2.167.  Thus,  we  assign  Duncan's  letter  d 
to  6.167  and  6.833,  in  addition  to  letters  they  already 
have.  Now  we  test  9.167,  the  fourth  possible  mean  in 
the  range. 

To  2.167  add  Duncan's  Rp  value  for  four  means, 
7.503,  to  get  9.670: 

2.167 
+7.503 

9.670 

Decay  percentage  9.670  is  above  9.167.  Therefore, 
9.167  is  also  in  the  range  with  2.167  and  is  also 
labeled  d. 


All  that  remains  to  be  tested  is  the  value  11.000, 
the  possible  fifth  mean  in  the  range. 

To  2.167  add  Duncan's  Rp  value  for  five  means, 
7.666,  to  get  9.833. 

2.167 
+7.666 

9.833 

Decay  percent  9.833  is  less  than  11.000.  Therefore, 
11.000  is  outside  the  range  of  2.167.  Also,  9.167  is 
shown  to  be  the  upper  limit  of  the  range  having  2.167 
as  its  lower  limit. 

Thus,  we  have  completed  (at  the  5-percent  level) 
the  testing  and  labeling  of  the  means  for  dip  chemicals. 

c.  Temperature  x  chemical  interaction  (5-percent 
significance  level)— 

In  separating  into  ranges  the  series  of  means  for  the 
temperature  x  chemical  interaction,  we  use  the  same 
method  as  we  used  for  the  preceding  two  series  for  the 
main  effects.  However,  here  we  describe  only  the 
points  needed  for  the  reader  to  review  the  method 
which  has  already  been  given. 

(1)  Label  89.000  with  Duncan's  letter  a.  Use  9.817 
as  Rp  for  two  means  to  show  that  85.000  is  in  the 
same  range  and  receives  Duncan's  letter  a,  and  that 
15.333  is  outside  the  range  and  receives  Duncan's 
letter  b.  Check  15.333  as  the  upper  limit  of  the  new 
range  by  adding  Rp  for  two  means,  9.817. 

(2)  Start  with  15.333  as  the  upper  limit  of  the 
second  range  and  test  by  successively  subtracting  Rp 
values  for  from  two  means  to  1 1  and  finally  12  means. 
Thus  we  determine,  in  the  range  starting  with  15.333 
that  5.333  is  the  lower  limit  and  that  3.333  is  outside 
the  range.  Values  including  and  between  15.333  and 
5.333  all  are  given  Duncan's  letter  b  label.  Mean  3.333 
is  given  Duncan's  letter  c  label. 

(3)  Now  work  up  from  3.333,  finally  using  Rp  for 
1 1  means  to  determine  the  top  or  upper  limit  of  the 
third  range  as  13.667.  Label  all  values  from  3.333,  up 
to  and  including  13.667,  with  Duncan's  letter  c. 
Reverse  and  work  down  from  13.667,  using  Rp  values 
for  12  and  then  13  means  to  show  that  2.333  is  the 
bottom  of  the  range  that  includes  13.667,  and  that 
1.000  is  outside  that  range. 

(4)  Label  1.000  with  Duncan's  letter  d  as  the 
bottom  value  in  the  last  range  of  the  series  89.000  to 
1.000.  Now  work  up  from  1.000,  starting  with  Rp 
value  for  two  means  and  ending  with  Rp  values  for 
nine  means,  and  finally  for.  10  means.  Thus,  10.000  is 
shown  to  be  the  top  value  or  upper  limit  of  the  range 
that  has  1.000  as  its  lower  limit,  and  12.667  is  shown 
to  be  outside  the  range.  Values  from  1.000  to  10.000 
receive  Duncan's  letter  d. 
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Thus,  we  have  completed  the  testing  (at  the  5-per- 
cent level)  of  the  means  for  the  temperature  x  chemical 
interaction. 

2.  Testing  at  the  1-percent  level  of  statistical 
significance: 

With  certain  exceptions,  the  testing  for  mean  sep- 
aration at  the  1-percent  level  of  significance  is  much 
the  same  as  the  testing  for  the  5-percent  level  already 
described.  Instead  of  table  2,  use  table  3  to  find  rp 
values  computed  for  the  1 -percent  significance  level. 
Thus,  using  the  same  s_  values  but  different  rp  values, 
we  end  with  larger  Rp  values  (table  6).  Finally,  we  have 
fewer  significantly  different  range  values  for  the  1 -per- 
cent than  for  the  5-percent  level  (table  7).  For  dip- 
chemicals,  14.500  percent  is  significantly  different 
from  6.833  percent  at  the  5-percent  level  but  not  at 
the  1 -percent  level.  Also  in  the  same  group  of  means, 
four  subgroups  are  found  at  the  5-percent  level  but 
only  three  at  the  1  percent.  The  researcher  has  the 
choice  of  using  1-  or  5-percent  significance  level. 

F.  Review  of  steps  in  applying  Duncan's  test  to 
find  each  upper  and  lower  range  limit. 

To  help  the  reader  to  visualize  the  procedure  for 
applying  Duncan's  Multiple  Range  Test  to  a  group  of 
means,  the  following  steps  of  the  procedure  are  out- 
lined. These  steps  are  also  shown  diagramatically  in 
figure  1.  After  analyzing  the  data,  computing  s_  and 
Duncan's  R    values,  arrange  the  means  in  descending 


(or  ascending)  order  and  then  use  computed  Rp  values 
to  separate  the  means  into  subranges. 

1 .  Label  top  mean  of  range  a. 

2.  Find  and  label  bottom  mean  of  range  a. 

3.  Move  down  one  mean  from  bottom  of  range  a  to 
midmean  of  range  b. 

4.  Work  up  from  midmean  b  to  find  and  label  top 
mean  b. 

5.  Work  down  from  top  mean  b  to  find  and  label 
bottom  mean  b.  Steps  6,  7,  and  8  and  subsequent 
triads  are  repeats  of  steps  3,  4,  and  5. 

6.  Move  down  one  mean  from  bottom  of  range  b  to 
midmean  range  c. 

7.  Work  up  from  midrange  c  to  find  and  label  top 
mean  c. 

8.  Work  down  from  top  mean  c  to  find  and  label 
bottom  mean  c. 

9-17.  Repeat  steps  3,  4,  and  5  until  the  bottom 
mean  of  the  last  range  is  reached. 

18-19.  In  some  series,  only  one  mean  remains 
below  the  bottom  mean  of  the  previous  range.  In  these 
series,  the  final  step  is  to  work  up  from  the  last 
remaining  [botton]  mean  to  find  and  label  the  top  of 
its  range. 

All  means  between  top  and  bottom  means  take  the 
same  label  letter  as  the  top  and  bottom  means.  There- 
fore, some  means  have  more  than  one  letter  label. 


REPORTING  AND  INTERPRETING  THE  MEANS  WITH 
APPENDED  DUNCAN'S  LETTERS 


After  applying  the  Duncan's  Multiple  Range  Test  to 
one  or  more  series  of  means,  the  arrays  may  be 
arranged  back  to  the  original  order,  as  in  table  2  or 
tables  8  and  9.  In  table  8,  Duncan's  letters  are  retained 
and  the  percent  values  rounded.  When  a  table  that  uses 
Duncan's  Multiple  Range  Test  letters  is  published,  the 
following  footnote  may  be  helpful: 

"'  Data  were  processed  by  the  analysis  of  variance 
and  Duncan's  Multiple  Range  Test.  Comparable  means 
followed  by  no  letters  in  common  are  significantly  dif- 
ferent at  the  5-percent  [or  1-percent]  level." 

When  denoting  ranges,  solid  lines  as  borderlining  or 
underlining  can  be  used  rather  than  letters  (tables  7 
and  9).  When  lines  are  used,  the  second  sentence  in  the 
footnote  can  read: 

.  .  .  .Comparable  means  with  no  borderlining  or 
underlining  in  common  are  significantly  different  at 


the  5-percent  [or  1 -percent]  level." 

Significant  differences  as  shown  by  Duncan's 
Multiple  Range  Test  letters  can  be  seen  in  block  tables, 
such  as  table  8,  or  in  array  tables,  such  as  tables  7 
and  9.  In  table  9,  means  are  arranged  horizontally  for 
reporting.  Many  statements  can  be  made  from  the 
tabulated  data.  For  example,  in  tables  7,  8,  and  9, 
examine  chemical-dip  data  tested  at  the  5-percent  level 
of  statistical  significance.  Each  of  the  other  seven 
chemical  dips  is  significantly  more  effective  than 
chemical  dip  1  in  controlling  decay.  Treatment  6  is  also 
significantly  more  effective  in  controlling  decay  than 
treatments  1,4,  5,  and  8.  No  significant  difference  in 
decay  control  is  noted  among  chemical  dips  3,  4,  5, 
and  8;  among  dips  2,  3,  4,  5,  and  7;  or  among  dips  2,  3, 
6, and  7. 
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TABLE  8.- Percentage  of  decay  in  inoculated 
punctured  apples  after  cold  or  hot  chemical-dip 
treatments  and  a  short  storage1 


Chemical- 
dip  code 

Amount  of  decay— 2 

Average 

Cold  treat- 
ment (21°  C.) 

Hot  treat- 
ment (45°  C.) 

Percent 

Percent 

Percent 

1  

85.0a 

89.0a 

87.0a 

2  

8.3  bed 

J.J  ULU 

6.8  cd 

3  

9.3  bed 

9.0  bed 

9.2  bed 

4  

12.7  be 

9.3  bed 

11.0  be 

5  

13.3  be 

13.0  be 

13.2  be 

6  

3.3  cd 

1.0  d 

2.2  d 

7  

10.0  bed 

2.3  cd 

6.2  cd 

8  

15.3  b 

13.7  be 

14.5  b 

Average  .  .  . 

19.7a 

17.8a 

18.75 

1  Based  on  48  dip-treated,  100-fruit  samples  of  a  pies. 

2  Data  were  processed  by  the  analysis  of  variance  and 
Duncan's  Multiple  Range  Test.  Comparable  means  followed  by 
no  letters  in  common  are  significantly  different  at  the  5-per- 
cent level  of  statistical  significance.  A  table  similar  to  table  8 
can  be  constructed  for  the  1-percent  level  of  significance  from 
data  in  table  7.  At  the  1-percent  level,  cold  and  hot  treatment 
values  85.0  and  89.0  and  averages  19.7  and  17.8  are  labeled  a. 
All  other  values  in  the  two  columns  are  labeled  b.  The  eight 
figures  for  the  treatment  averages  are  labeled,  respectively,  a, 
be,  be,  be,  b,  c,  be,  and  b.  Grand  average  18.75  receives  no 
letter  label. 


TABLE  9 .  —Percentage  decay  in  inoculated  punctured 
apples  after  hot  or  cold  chemical-dip  treatments 
and  a  short  period  of  cold  storage1 


Item 


Means,  pet. 
Duncan's 
lines  .... 


Average  decay2  after  treatment  number- 


1 


57.0   14.5   13.2   11.0    9.2    6.8    6.2  2.2 


1  Based  on  48  dip-treated,  100-fruit  samples  of  apples. 

2  Data  were  processed  by  the  analysis  of  variance  and 
Duncan's  Multiple  Range  Test.  Means  with  no  underlining  in 
common  are  significantly  different  at  the  5-percent  level  of 
statistical  significance. 
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Figure  1. -Steps  and  suggested  pathway  direction  for  determining  upper  and  lower  limits  of  each  of  seven  ranges  in  a 
hypothetical  series  of  means  by  Duncan's  Multiple  Range  Test.  Letters  refer  to  Duncan's  range  letters,  applied  to  means 
from  top  to  bottom  in  each  range.  Numbers  refer  to  the  sequence  of  steps  to  be  followed.  Heavy  vertical  lines  delineate 
each  range  and  are  analogous  to  Duncan's  test  lines  in  table  7. 
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APPENDIX  FORM  1.  HRUSCHKA'S  FORM  FOR  CALCULATING  AND  CHECKING  THE  ANALYSIS  OF  VARIANCE 
ANALYSIS  OF  VARIANCE  FOR    Date  of  Test  


Date  of  Analysis 


Code 
Num- 
ber 

Num- 
ber 
of 

Source  of 
variation 

Degrees 
of  free- 
dom (df 
orn2) 

Items 
per 

square 
(n) 

Initial  total  SS 
Sum  of  squares 

Sum  of        Items  per 
squares  square 

Code 
Num- 
ber 

Corrected  SS 
Sum  of  squares 

Degrees 
of  free- 
dom (df 
orn2) 

S2 
Vari- 

SS+df 

Computed  F 
Variance  v  Error 

Sig- 
nify 

Source  of 

Table  F 

5% 

1% 

1 

1 

2 

2 

3 

4 

5 

5 

6 

6 

7 

7 

8 

8 

9 

9 

10 

10 

11 

11 

12 

12 

13 

13 

14 

14 

15 

15 

16 

16 

17 

18 

8 

19 

9 

20 

0 

C.F.  =  (G  T-)2  =  Correction  Factor  =    Grand  Total  Squared    =    =   

n  Total  Number  of  Items 

This  form  is  for  calculating  and  checking  analysis  of  variance  by  hand  or  with  a  desk  calculator.  Use  the  following  steps: 

1.  Write  in  each  source  of  variation,  such  as  Total,  Whole  plots.  Replicate,  Variety,  Error  (a),  Split  plots-etc.  If  n 
needed  to  complete  design  elements,  cut  and  splice  2  forms. 

2.  Use  code  number  to  identify  each  category  of  numbers  to  be  squared. 


3.  Fill 

4.  Fill 

5.  Fill 


n  number  of  squares  in  each  category, 
n  degrees  of  freedom  (df  or  n2). 

n  items  (n)  per  square.  Items  per  square  times  number  of  squares  =  number  of  squares  for  total,  times  one. 


6.  Square  each  item  in  a  category  and  record  initial  total  sum  of  squares. 


Calculate  sum  of  squares  divided  by  items  per  square. 

Identify  and  record  the  required  corrections.  Note  that  correction  factor  calculation  is  indicated  at  bottom  of  the  form. 
Correction  factor  is  the  square  of  the  total  of  all  items  divided  by  the  number  of  items. 
Apply  corrections  and  record  corrected  sum  of  squares  (SS). 

Divide  corrected  sum  of  squares  (SS)  by  degrees  of  freedom  (df  or  n)  to  get  Variance  (s2). 

Divide  experimental  variance  by  error  variance  to  get  computed  F  value. 

Copy,  from  a  statistical  methods  text,  the  table  values  of  F  for  5%  and  1  %  levels. 

Test  the  computed  F  against  table  F. 

Record  significance  (\  *  *)  or  non-significance  (NS|.  . 
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